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Abstract





of the real compact simple Lie algebra so(N + 1) is presented in an explicit
way. It turns out to depend on 2
N
  1 independent real parameters.
Graded contractions of (complex or real) Lie algebras have been introduced by
de Montigny, Patera and Moody [1, 2] as a new approach encompassing the study of
ordinary contractions of Lie algebras and allowing the contraction of representations
to be simultaneously studied. The approach is based on the so-called contraction
equations, which determine all possible contracted Lie algebras compatible with a
given grading of some initial Lie algebra. Ordinary (simple) Inonu-Wigner (IW)
contractions appear as related to a Z
2
grading; the solution of the contraction equa-
tions is straightforward in this case. For more complicated grading groups, and in
the complex case, these equations have been solved for several comparatively small









is given in [1]), and a
computer programme has been devised for handling more complicated cases [3].
The general solution for a concrete case is some subset of the corresponding list of
generic solutions of the contraction equations for the given grading group, due to the
possible presence of irrelevant contraction parameters (for instance, a given grading
group element may have not a proper associated subspace, or two graded subspaces
may commute in the initial Lie algebra).
In a previous paper the graded contractions of the real orthogonal algebras




were studied without relying
on a computer program, and a particular set of solutions, there called quasiregular,
which depend on N real parameters was given [4].
It would be interesting to have the general solution of the contraction equations
for this grading, at least for two reasons. Firstly, to know on how many independent
parameters the general solution depends is related to the problem of whether or
not the continuous graded contractions go essentially beyond some adequate gen-
eralization of simple IW contractions. This question has been recently raised and
answered in the negative by Weimar-Woods [5], who provides explicit proofs for Z
N
grading groups. And secondly, it is an open problem to study real Lie algebras in
the remaining Cartan series from a similar point of view (i.e., to consider some grad-
ing associated to a maximal set of commuting involutions and to give the general
solution of the contraction equations so obtained). Such a grading for the unitary
and symplectic series can be \derived" from the orthogonal one, so the general so-
lution of the orthogonal contraction equations goes a long way to provide a general
solution for other cases.




grading of the real






contraction parameters turns out to depend on 2
N
  1 independent real parameters.
This is the expected number for a general composition of simple IW contractions, so
also in this case any continuous graded contraction is equivalent to some generalized
IW contraction; it should be remarked that this is not entirely obvious. The solution
given in [4] appears as a rather particular case, as it corresponds to having all but
N parameters xed to 1. A preliminary study of the cases of unitary and symplectic
algebras has been done in [6] and a general account of the results obtained there is
under preparation.
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Recall that a grading of a real Lie algebra L by an Abelian nite group   [7] is







such that if x 2 L

and y 2 L










; ; ; +  2  : (2)
A (real) graded contraction of the real Lie algebra L [1, 2] is a real Lie algebra
L
"























where the contraction parameters "
;
are real numbers such that L
"
is a Lie algebra;














The Lie algebra so(N+1) has N(N+1)=2 generators J
ab
(a; b = 0; 1; : : : ; N; a <



















; a < b < c: (5)





and is generated by a set of 2
N
commuting involutive automorphisms S
S
:
so(N +1)! so(N +1) where S is any subset of the set of indices I = f0; 1; : : : ; Ng


















(i) is the characteristic function over S, which equals either 1 or 0 according




, i.e. the automorphism associated to a subset
S is the same as the one associated to the complement InS in the whole set of indices






; : : : ; S
01:::N 1
as a basis for the












2 f0; 1g. A generator J
ab
of so(N + 1) belongs to the
(one-dimensional) grading subspace L

where the sequence 
k
of \coordinates" of 
is characterized by a contiguous string of 1's starting at the ath position and ending









: : : 0g: (7)
We will denote each particular  actually appearing in (1) by the pair of indices
  ab; (a < b) instead of using its complete string.
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; a < b < c; (8)




used in the earlier paper).
All contraction equations coming from (4) are naturally classed into groups of 12


















































































































































In [4] the solution of these equations under the condition 
b
ac
6= 0 was derived; each
such solution turns out to be equivalent to a solution with all 
b
ac
= 1 and then
the equations (9) dramatically simplify, so that all contraction parameters can be




allowed to be equal to zero, the equations are rather complicated, and the naive
case-by-case analysis succesfully done for smaller grading groups is quickly realised
an unfeasible.
We give here the general solution of the system (9). Consider real functions
 dened on the collection of all subsets of I = f0; 1; : : : ; Ng,  : P(I)  ! IR,
satisfying the additional condition (S)  (InS). We denote the common value






; there are 2
N




general solution of the system (9) can be expressed in terms of these values, taken
as independent parameters, according to following statement:




graded contractions of the Lie alge-
bra so(N + 1) depends on 2
N




f0; 1; : : : ; Ng and S is a proper subset of I: S  I. The actual contraction param-













































; with fa; bg  S and fcg =2 S:
where the products with index S run over all possible (proper) subsets of I that
satisfy the conditions imposed in each case. The non-identically zero Lie brackets of




























; a < b < c; (11)











We simply give a sketch of the proof. All contraction equations are like MN =
PQ, where each term carries three indices (two subindices and a third single su-
perindex), taken out of four. The general solution of each such equation can be


















































. Now repeat this decomposition for each equation (9), writing each
parameter m, (resp. n; p; q) as a symbol  with two groups of indices, the rst with
the same index structure as M , (resp. N;P;Q) and taking for the second group the
fourth index already present in the equation but not in M (resp. N;P;Q), placed










As long as all auxiliary relations are satised, this transforms all contraction equation
into identities, at the expense of introducing a rather large number of parameters,
which are however subjected to a number of equalities, which can be then elimi-
nated in some adequate way. The result of the elimination boils down to two simple






, . . . depends actually on the subsets of I made










which will be simply denoted 
d
abc
. Second, each symbol 
bd
ac
depends only on the two subsets of indices, but not on their position as subindices







Each contraction equation gives rise to a decomposition of the four contraction
coecients involved as the product of two  symbols, each with four indices. But
each contraction coecient appears several times in the whole set of contraction
equations, and to each appearance a possibly dierent decomposition as a product
of two  symbols with four indices has been allocated. We will have therefore to
enforce the equality of many such products. This turns out in a number of quadratic
equations, whose structure is again similar to the initial equations, but each involving
ve indices taken out of the set I. The process is iterated until no more indices are
left, at which point all equations are transformed into identities; this explains the
structure of the solution. It is easy to check that after using (10) all the contraction
equations (9) are turned into identities.




and the involutive automorphisms S
S
. Each non trivial involution S
S
gives
rise to a simple Inonu{Wigner contraction whose eect consists on a graded scale




where either a or b belongs to S) followed by the limit  ! 0. This scale change








, the remaining ones being invariant, and
in the limit  ! 0 this parameter vanishes. Thus, there are 2
N
  1 simple Inonu{
Wigner contractions associated to the same number of non trivial involutions or of
Z
2
subgradings; the identity involution S
I




is the only value of 
InS
S
not appearing explicitly in (10). The composition of two
or more of such contractions is a generalized Inonu{Wigner contraction [5] where
more than one parameter 
InS
S
goes to zero at the same time (with possibly dierent




 0) are in fact generalized IW contractions.
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The graded contractions of so(N +1) with all 
InS
S




gives rise to the dierent non-compact real forms so(p; q) with p + q = N + 1; in
this case the graded contraction is not a contraction of the initial algebra in its
original meaning of limiting process. When one or more 
InS
S
are zero, a non simple
Lie algebra is obtained. It is interesting to note that the whole family of graded
contractions of so(N + 1) aord a sort of ordered \lattice" of algebras, starting at




= 0, into the Abelian algebra with all commutators zero.






; : : : ; 
N
0:::N 1
to take over arbi-











































; a = 1; : : : ; N: (13)
In this way the so-called Cayley{Klein algebras, which were the particular case
studied in [4], are recovered. As a collective, this subfamily of graded contractions
inherit (in a more complicated form) most properties coming from the simple nature
of the algebras so(p; q), and are termed quasisimple in the literature [8].
Let us illustrate the results of the theorem with a couple of examples, where from
the two ways of writing each coecient , we have chosen the one where 0 appears
as a subindex, even if this sometimes aparently spoils the simplicity of the rule (10).



































































where the indices between brackets in L









= 3 relevant contraction coecients (one , one  and one ) which
depend on 2
2


















































































This family of algebras include so(3), so(2; 1), the Euclidean e(2), Poincare p(1+1),











can be reduced to either 1, 0 or  1. Note that





graded structure, there exists 40 non-equivalent solutions of
the complex graded equations. Even if we are dealing with real graded contractions,
the number of inequivalent solutions here is lesser: for the algebra so(3) and the
grading (15), the subspace L
f00g
is the trivial null subspace. From another point of
view, this case has been also discussed in [9].





























































= 12 relevant contraction parameters which can be written in
terms of 2
3
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